Abstract. We show that the Weyl symbol of a Born-Jordan operator is in the same class as the Born-Jordan symbol, when Hörmander symbols and certain types of modulation spaces are used as symbol classes. We use these properties to carry over continuity and Schatten-von Neumann properties to the Born-Jordan calculus.
Introduction
A fundamental question in quantum mechanics concerns quantization. That is, finding rules which takes observables a in classical mechanics into corresponding observables T a in quantum mechanics. Usually a is a function of the location x ∈ R d and the momentum ξ ∈ R d , and T a is a linear operator which acts between suitable Hilbert spaces of functions on R d . For any t ∈ R, the rule where a ∈ S ′ (R 2d ) is mapped into the pseudo-differential operator (t-Shubin operator) Op t (a), given by (Op t (a)f )(x) = (2π)
a((1 − t)x + ty, ξ)f (y)e i x−y,ξ dydξ when f ∈ S (R d ) can be considered as a candidate of quantization. Here the right-hand side should be interpreted in distribution sense when a / ∈ L 1 (see Section 2 for details and notations). We remark that for t = 0, the so-called normal or Kohn is obtained. The latter was considered in the foundational papers by Kohn and Nirenberg [17] and Hörmander [13] . If instead t = 1 2 , then Op t (a) is equal to the Weyl operator (or Weyl quantization) Op w (a), introduced by H. Weyl in [28] as a candidate of quantization.
The action of Op t (a) can also in convenient ways be described in terms of t-Wigner distributions. In fact, if a, f and g are suitable, then we have
where W (f, g) is the t-Wigner distribution, given by (W t (f, g))(x, ξ) = (2π)
f (x + ty)g(x − (1 − t)y)e −i y,ξ dy.
Here (f, φ) = (f, φ) L 2 (R d ) ≡ f, φ , where · , · is the action between suitable test functions and their distributions on R d . In the Weyl case, t = 1 2 , we set W (f, g) = W t (f, g) and call this the (standard) Wigner distribution of f and g.
In practice, some further rules need to be imposed in quantization. For example, it is essential that T a above is self-adjoint when a is real, and that the quantization possess properties of symplectic invariance. By adding such conditions, only the Weyl quantization Op w (a) among the candidates above remains as a good candidate of quantization. In fact, the symplectic invariance is emphasized already by Hörmander in [14] , and by the definition it follows that the (formal) adjoint Op w (a) * of Op w (a) for admissible a is given by Op w (a).
The Born-Jordan quantization Op BJ (a) is obtained by taking the average
of Op t (a) over t ∈ [0, 1], provided the right-hand side is well-defined. It can be proved that
Here sinc is the sinc function, given by sinc t = 1 when t = 0, sin t t when t = 0.
In view of the relation (3) and that Op w (a) * = Op w (a) we have
Hence the Born-Jordan operators share with Weyl operators the property of being (formally) self-adjoint when their symbol is real. This makes Born-Jordan operators good alternative candidates for quantization. If a(x, ξ) = x m j ξ l j , for m, l ≥ 0 being integers, then it follows by straightforward computations that
This is precisely the quantization rule, proposed in early days by Born and Jordan [4] (see [10] for details and proofs), and is the reason for denomination Op BJ (a) as the Born-Jordan operator or Born-Jordan quantization of a.
By (1) and (3), it follows that
for suitable a, f and g, where W BJ is the transform Q in [1] by Boggiatto, de Donno and Oliaro, given by
During the last 10 years, Born-Jordan quantization has also been considered in time-frequency analysis. In this field, time-frequency resolutions, i. e. simultaneously localizations of the time and frequency for signals, are essential. Such resolutions are often performed by considering the so-called short-time Fourier transform of the involved signals. An equivalent way is to replace these short-time Fourier transforms with t-Wigner distributions, since they can be carried over to each others by simple manipulations. A problem with these kind of resolutions concerns interpolating frequencies or so-called ghost frequencies. These frequencies might be absent in the signal, but might appear in the graphs of their resolutions. They originate from interferens of existing frequencies.
Already in [1, 2] it is proposed that the transform W BJ can be used in place of the short-time Fourier transform and t-Wigner distributions. Some properties of the W BJ were deduced in [27] . Especially we remark that in [27] , Turunen shows that the time-frequency resolutions usually becomes significantly more clear when using W BJ transform instead of t-Wigner distributions. For example, it is shown there that the ghost frequencies miraculously almost disappear when using suitable resolutions based on the W BJ transform.
In the present paper we study some functional-analytic preparations of the Born-Jordan operators ( [4] ). We focus in particular on their regularity properties in the Schatten-von Neumann classes, which are generalizations of Hilbert-Schmidt operators. In fact, there are several relations between pseudo-differential calculi and Schatten-von Neumann classes (see e. g. [5, 20, 23] ). Hence one can expect that some of these properties extend Born-Jordan operators.
We show that several continuity and compactness properties for pseudo-differential calculus carry over to Born-Jordan operators. Especially we prove that if the symbol of a Born-Jordan operator belongs to suitable modulation spaces or in a suitable Hörmander class S(m, g), then the corresponding Weyl symbol belongs to the same class. More precisely, suppose g is a Riemannian metric on R 2d , which is strongly feasible in the sense and splitof [5, 20] , and let m be a g-continuous and (σ, g)-temperate weight function on R 2d . If a ∈ S(m, g), then we prove that there is a unique b ∈ S(m, g) such that
We note that we may choose m and g in such ways that S(m, g) agree with any Shubin class or any Hörmander class S r ρ,δ as well as any SGclass. In particular we are able to cover the continuity properties in [8] for Born-Jordan operators with Shubin symbols.
If instead a ∈ M p,q
ω(x, ξ, η, y) = ω 0 (η, y) with ω 0 being a moderate weight on R 2d , then (4) still holds for some b ∈ M p,q
, since similar facts hold for Weyl operators with symbols in modulation spaces (cf. e. g. [21, 23] ). In the same way, the continuity and Schatten-von Neumann properties in [5, 20] carry over from Weyl to Born-Jordan case.
Acknowledgement
Maurice de Gosson has been supported by the Austrian research agency FWF (grant number P27773).
Preliminaries

Gelfand-Shilov spaces and their duals. Let
is finite. Here the supremum is taken over all α, β ∈ N d and x ∈ R d . Obviously S s,h ⊆ S is a Banach space which increases with h and s. Furthermore, if s > 1 2 , then S s,h and ∪ h>0 S 1/2,h contain all finite linear combinations of Hermite functions h α (x) = H α (x)e −|x| 2 /2 , where H α is the Hermite polynomial of order α ∈ N d . Since such linear combinations are dense in S , it follows that the (
are the inductive limit and projective limit, respectively of S s,h (R d ) with respect to h. This implies that
and that the latter space is a Fréchet space with semi norms
are the projective limit and the inductive limit respectively of S ′ s,h (R d ) with respect to h > 0. Hence
, also in topological sense (cf. [18, 19] ).
From now on we let F be the Fourier transform, given by
Here · , · denotes the usual scalar product on R d . The map F extends uniquely to homeomorphisms on
, and restricts to homeomorphisms on
, and to a unitary operator on L 2 (R d ). Next we recall some mapping properties of Gelfand-Shilov spaces under short-time Fourier transforms and t-Wigner distributions. Let
The t-Wigner distribution is given by
and we observe that this definition coincide with (2) when f, g ∈ S (R d ). The definition of short-time Fourier transforms and Wigner distributions extend in different ways, and possess various kinds of continuity properties. In the context of test function spaces and distribution spaces we have the following.
Then the following is true:
The same holds true for s > [9, 22] ). Since in contrast we have included the parameter t as a variable, we here recall the arguments for the t-Wigner distribution.
Proof. Let F 2 F denote the partial Fourier of F (x, y) ∈ S ′ s (R 2d ) with respect to the y-variable. By the definition we have
Since it is evident that S is continuous from We also recall that if T is the same as in Proposition 2.1, then the mappings
and
are continuous (cf. [9, 22, 25] ). There are several ways to characterize Gelfand-Shilov spaces and their distribution spaces. For example, they can easily be characterized by Hermite functions and other related functions (cf. e. g. [11, 16] ). They can also be characterized by suitable estimates of their Fourier and Short-time Fourier transforms (cf. [7, 12, 22, 25] ).
2.2.
Pseudo-differential operators. Let t ∈ R be fixed. For any a ∈ S (R 2d ) (the symbol), the pseudo-differential operator Op t (a) (of Shubin type) is the linear and continuous operator on S (R d ), defined by
. By straightforward computations it follows that
is the linear and continuous operator from
) is equal to the right-hand side of (9)
. This makes sense, in view of the continuity properties for the Wigner distribution, described above.
Born-Jordan operators with distribution symbols
In this section we deduce various kinds of mapping properties of Op BJ (a) when a belongs to suitable test-function or distribution spaces. In particular we show that Op BJ (a) makes sense as a continuous oper-
) and restricts to a continuous map from
The same holds true for s > 
when f, g ∈ S (R d ). By Proposition 2.1 and Remark 2.2 it follows that the map (f,
, and that the same holds true if each S is replaced by S s or by Σ s .
By Proposition 2.1 and Remark 2.2 it follows that the map
is well-defined and continuous from
, and that the same holds true if each S ′ is replaced by S ′ s or by Σ ′ s . Hence, by letting W BJ (f, g) be defined by the right-hand side of (10) for such f and g, the asserted continuity of the extensions of the map T follows.
It remains to show the asserted uniqueness of the extensions of
. By Proposition 2.1 and its proof, and Remark 2.2, it follows that if
are such that lim ε→0+ f ε = f and lim
, locally uniformly with respect to t. Hence
The uniqueness assertions now follow from the facts that we may choose f ε and g ε in S s (R d ), and that
, and the result follows.
We have now the following. Here L (V 1 , V 2 ) is the set of all linear and continuous mappings from the topological vector space V 1 into the topological vector space V 2 . . Then the following is true: Proof. We only prove (1) and (2). The assertions involving S or Σ s , and their duals follow by similar arguments and are left for the reader. By Proposition 3.1 it follows that the map
The same holds true if each S s and S
Hence, by letting Op BJ (a)f be defined by (1), the asserted continuity follows. The uniqueness of these extensions follows by similar arguments to those of Proposition 3.1. The details are left to the reader.
Born-Jordan operators with modulation space symbols
In this section we deduce that any Born-Jordan operator with symbol in the modulation space M p,q (ω) (R 2d ) is a pseudo-differential operator with symbol in M p,q (ω) (R 2d ), when ω(x, ξ, η, y) = ω 0 (η, y). We also deduce continuity and Schatten-von Neumann properties for such operators.
We start with the following.
Proof. It suffices to prove the result in the case t = 0. We also assume that p, q < ∞. The cases when p = ∞ or q = ∞ follow by similar arguments and are left for the reader. Let r = min(1, q), Λ ε = εZ 2d and Λ 2 ε = Λ ε × Λ ε when ε > 0. By [24] there are v ∈ P E (R 4d ) which is submultiplicative such that ω is vmoderate,
where
when a ∈ M p,q (ω) (R 2d ), provided ε > 0 is chosen small enough. Here ρ is the reflexion operator on R 2d given by ρ(
, when c is given by (12) .
For a ∈ M p,q (ω) (R 2d ) and Φ ∈ Σ 1 (R 2d ) \ 0 fixed we now get
We need to simplify H j,k . By the definitions and straightforward computations, using Fourier's inversion formula we get
(see (1.13) in [21] , and its proof). Since Ψ ∈ Σ 1 (R 2d ), it follows from [6, 26] that { Ψ t ; t ∈ [0, 1] } is a bounded set in Σ 1 (R 2d ). Hence, by [7] , for every r > 0 there is a constant C r which is independent of t ∈ [0, 1] such that
By using the latter estimate in (13) we get with r > 0 large enough that
It now follows from Minkowski's inequality that
We have
where the last step follows from Young's inequality. Here * denotes the discrete convolution. If c 0 (k) = c( · , k) ℓ p ω 0 (ρ(k)), then we get from these estimates that
By applying the ℓ q norm on the last inequality we get
.
Hence we have proved
The next result follows from the previous one and the fact that
is the set of all symbols a in S ′ (R 2d ) such that Op t (a) belongs to I p , the set of all Schatten-von Neumann operators on
Born-Jordan operators with Hörmander symbols
In this section we show that any Born-Jordan operator with symbol in certain Hörmander class is a pseudo-differential operator with symbol in the same class. Furthermore, we prove sharp-Gårding's and Feffermann-Phong's inequalities for such operators.
First we recall the definition of the involved symbol classes. Let g be a Riemannian metric on the phase space
, and let N ≥ 0 be an integer. For any a ∈ C N (W ) and X = (x, ξ) ∈ W , let |a| g 0 (X) = |a(X)|, and |a|
Here the supremum is taken over all
Then S N (m, g) is the Banach space which consists of all a ∈ C N (W ) such that a 
where the supremum is taken over all Y ∈ W such that g X (Y ) ≤ 1. Furthermore, the Planck's function h g (X) is defined by
where the supremum is taken over all Y ∈ W such that g σ X (Y ) ≤ 1. As in [5, 20] we need some restrictions on m and g. More precisely, the metric g on W is called slowly varying if there are constants c, C > 0 such that
and m is called g-continuous if there are constants c, C > 0 such that
The metric g is called σ-temperate if there are constants C, N > 0 such that
and m is called (σ, g)-temperate if there are constants C, N > 0 such that
Furthermore, it is most of the times assumed that the uncertainty principle holds, i. e. h g (X) ≤ 1 for every X ∈ W . The metric g on W is called strongly feasible if g is slowly varying, σ-temperate and h g ≤ 1. The weight m is called g-feasible if m is g-continuous and (σ, g)-temperate.
Finally, the metric g on W is called split, if
We have now the following.
Theorem 5.1. Let g be strongly feasible and split on W , m be gfeasible, N > 0 be an integer, and let a ∈ S(m, g). Then
for some b ∈ S(m, g). Furthermore,
For the proof we need the following proposition. We omit the proof, since the result is essentially a restatement of Proposition 18.5.10 (?) in [15] . Proposition 5.2. Let g be strongly feasible and split on W , m be gfeasible, I ⊂ R be bounded, N > 0 be an integer, a ∈ S(m, g), and let a t ∈ S ′ (W ), be such that
Then {a t } t∈I is a bounded subset of S(m, g), and for some bounded subset
Proof of Theorem 5.1. Let a t be the same as in Proposition 5.2. Then
and Proposition 5.2 shows that b ∈ S(m, g). Furthermore, by (16) we get
which gives (14) . The proof is complete. Let g be strongly feasible and split on W , m and m 0 be g-feasible, and let a ∈ S(1, g). Then Op BJ (a) is continuous from H(m 0 , g) to H(m 0 /m, g).
We also have the following slight extension of the previous result.
Here and in what follows we let Corollary 5.7. Let p ∈ [1, ∞], t ∈ R, g be strongly feasible and split, m be g-continuous and (σ, g)-temperate, and let a ∈ S(m, g). Then the following is true:
For the proof of Proposition 5.6 we need the following result which is a slight extension of [ Finally we also have the following Feffermann-Phong's inequality inequality for Born-Jordan operators, which in particular shows that Sharp-Gårding's inequality is also true for such operators. 
